XXIII.1 L. D. Faddeev and B. S. Pavlov [2j have recently found an interesting connection between automorphic functions and scattering theory. They consider the initial value problem for the wave equation : for functions defined in the Poincare plane and automorphic with respect to a discrete subgroup F of fractional linear transformations with real coefficients of finite type. They show that the approach to scattering theory developed by the authors L3] is applicable to this problem.
Techniquely the Faddeev-Pavlov development is based on an earlier paper by Faddeev which derives the spectral theory for the Laplacian using the method of integral operators. Our aim is to give an independent and more direct proof of these results within the framework of our scattering theory. It is clear that S is unitary on and commutes with translation.
We now introduce a further assumption : iv) D_ and D+ are orthogonal .
In this case S is causal in the sense that A translation representation is turned into a spectral representation by the Fourier transform : 1
In the spectral representation S becomes If properties ( i) -( iv) hold then-lf is multiplication by a function called the scattering matrix whose values are unitary operators on N.
Furthermore is the boundary value of an anal y tic function defined in the lower half plane whose values are contraction operators on N. It is easy to verifythat the functions are incoming and outgoing traveling wave solutions of (1). We use the corresponding initial data to define incoming and outgoing subspaces for H :
Next let
where the q are smooth functions with compact support in (a,). These subspaces satisfy properties (i) (ii) and ( iv where [ is the Riemann zeta function and r is the gJmma function. Further it can be shown that
If the Riemann hypothesis were true then the poles off" would lie in the line Im 6 m 1/4 and the spectrum of B" on the line Re X = -1/4. A necessary condition for the latter to occur is for a dense set of f in K. Faddeev and Pavlov have found a similar condition which is both necessary and sufficient for the validity of the Riemann hypothesis .
To apply either these criteria it is necessary to have a useful characterization of K" and for this you need a useful characterization of H'. It can be shown that A has an infinite set of eigenfunction in H'. c Because of this fact the only useful characterization of which we have been able to find is Starting with data in D" , say with suppqc ( ~., a) , the corresponding solution of ( 1) in the halfspace is From this we obtain the automorphic solution by averaging over F-modulo the translations : 00 here the elements of r are denoted by XXIII.7
where a, b, c, d, are integers and a d -bc = I. Now (26) essentially arithmetizes the problem and throws the exponential decay of Z"(t)f back onto number theoretical considerations. It is for this reason that we do not believe that this approach will be helpful in verifying the Riemann hypothesis.
